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Abstract
In this paper we describe the Jordan–Hölder series of the standard modules over the rational
Cherednik algebras associated with the dihedral group. In particular, we compute the characters of
the irreducible representations from the category O and classify the finite-dimensional representa-
tions.
© 2006 Elsevier Inc. All rights reserved.
1. Introduction
The rational Cherednik algebra Hk(W) for a complex reflection group W arises from
the study of Dunkl operators [Du,DO], and is an important special case of symplectic
reflection algebras [EG].
In the recent years, a number of authors studied representations of Hk(W) (see, e.g.,
[GGOR,BEG,BEG1,DO,De,Go]). Specifically, the paper [GGOR] defines the category O
for Hk(W), and shows that its basic structure is quite similar to the structure of the category
O for a simple Lie algebra, studied by Bernstein, I. Gelfand and S. Gelfand. In particular,
the main problem about this category is to find the characters of the irreducible modules in
O and their multiplicities in standard modules.
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it remains open, although many partial results are available. The goal of this paper is to
solve this problem for dihedral groups. We describe the structure of the standard modules
over rational Cherednik algebras corresponding to the dihedral group I2(d). The structure
depends on the parity of d .
When d is odd the Cherednik algebra depends on one complex parameter. For general
value of the parameter, all the standard modules are irreducible. The set of exceptional
values consists of a finite number of arithmetic progressions of rational numbers, each with
the common difference 1. For these values, the standard modules have length at most 2,
and at least one of them is reducible. The category O is not semisimple in this case. This
classification is given in Theorems 3.1.1 and 3.1.2.
The case of even d is more complicated since the Cherednik algebra depends on two
complex parameters. If the values of the parameters do not belong to four exceptional fam-
ilies of lines, all the standard modules are irreducible. For generic points of the exceptional
lines the maximal length of standard modules is 2 and at least one is reducible. The cate-
gory O for these values of parameters is not semisimple. At the points of intersection of
the lines in these families, the structure of the standard modules might be complicated, and
the length might reach 4. This classification is given in Theorems 3.2.3 and 3.2.4.
2. Preliminaries
2.1. Let W be a finite real reflection group, hR be its reflection representation, and h be
the complexification of this representation. Fix a nondegenerate W -invariant scalar product
(−,−) on h. Denote by the same sign the induced scalar product on h∗. Let S ⊂ W be the
set of all reflections s ∈ W . To each reflection s ∈ S we associate its fixed hyperplane Hs ,
a nonzero linear function αs ∈ h∗ which vanishes on Hs , and the element α∨s = 2(αs ,−)(αs ,αs ) ∈ h.
In other words, to each s we associate the corresponding positive root αs and coroot α∨s .
Let us fix a W -invariant function k :S → C, where W acts on S via conjugation.
Definition 2.1.1. The rational Cherednik algebra Hk(W) is an associative algebra gener-
ated by all elements of W , h∗, and h with the following defining relations:
wxw−1 = w(x), wyw−1 = w(y), [x, x′] = 0, [y, y′] = 0,
[y, x] = (y, x)−
∑
s∈S
k(s)(y,αs)
(
α∨s , x
)
s,
where x, x′ ∈ h∗, y, y′ ∈ h and w ∈W (see also [EG]).
2.2. For rational Cherednik algebras there exists an analog of Verma modules (see
[BEG]), called standard modules. They are indexed by irreducible representations of W .
Let V be an irreducible representation of W . It can be considered as a representation of
C[W ]  C[h∗], where y ∈ h acts by 0.
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by the formula
Mk(V ) = Hk(W)⊗C[W ]C[h∗] V.
Definition 2.2.2. The standard module Mk(V ) and its quotients are called modules with
lowest W -weight V .
As a vector space, Mk(V ) is naturally identified with C[h]⊗V . Hence the usual grading
on C[h] induces a grading on Mk(V ).
The standard module Mk(V ) has a unique simple quotient Lk(V ) (see [DO]).
An important special case of standard modules is Mk(triv), which is also called the
polynomial representation of Hk(W). The space of this representation is C[h]. An element
w ∈ W acts on C[h] in the natural way, x ∈ h∗ acts by left multiplication, and the action of
y ∈ h is given by the Dunkl operator
Dy = ∂y −
∑
s∈S
k(s)
(y,αs)
αs
(1 − s). (1)
Definition 2.2.3. A vector in Mk(V ) is called singular if it is annihilated by every y ∈ h.
In particular, the singular vectors in Mk(triv) are exactly those annihilated by all Dunkl
operators.
2.3. Every rational Cherednik algebra contains a canonically defined sl2-triple:
h = 1
2
∑
i
(xiyi + yixi), E = 12
∑
i
x2i , F = −
1
2
∑
i
y2i ,
where {xi} and {yi} are dual orthonormal bases of h∗ and h. Therefore, every lowest
weight Hk(W)-module M is also an sl2-module from the category O. The element h is
W -invariant and satisfies the relations
[h, x] = x, [h, y] = −y
for all x ∈ h∗ and y ∈ h. The spectrum of h on M is Z0 + h0, where h0 is the lowest
weight of h on M .
Remark 2.3.1. The generalized eigenspace of h with eigenvalue h0 + i consists of all the
elements of degree i in M .
As in the case of Lie groups, one can define the category O of Hk(W)-modules.
Definition 2.3.2. (see [BEG1,GGOR]) The category O is the category of Hk(W)-mod-
ules M , such that M is a direct sums of finite-dimensional generalized eigenspaces of h,
and the spectrum of h is bounded from below.
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that {Lk(V )}V∈Irrep(W) are precisely the simple objects of O.
For M ∈O, let M =⊕a Ma be its h-weight decomposition.
Definition 2.3.3. The character of M is a formal power series in t given by
χM(g, t)=
∑
a
Tr |Ma(g)ta,
where g ∈W , and Tr |Ma(g) is the trace of g-action on Ma .
The character of the standard module Mk(V ) is given by
χMk(V )(g, t) =
χV (g)t
h0(V )
det |h(1 − gt) ,
where h0(V )= 12 dimh − (
∑
s∈S k(s)s)|V is the lowest weight of h on Mk(V ) (see [BEG,
formula (1.5)]).
Remark 2.3.4. For any character ε :W → C∗ there is a symmetry between Hk(W) and
Hεk(W). Namely, there exists an isomorphism Hk(W) ∼−→Hεk(W), which acts identically
on h and h∗, and sends w ∈ W to ε(w)w. This isomorphism induces an equivalence of
categories of representations of these algebras. Under this equivalence, Mk(V ) goes to
Mεk(ε ⊗ V ).
3. Results
The group I2(d) acts via reflections on hR 
 C. The subset S ⊂ W of reflections con-
sists of elements sj : z → ωj z¯, where ω = e2πi/d and 1 j  d .
3.1. The case d = 2m+ 1
All the reflections in S are conjugate, and an I2(m)-invariant function k :S → C is a
constant function k = c ∈ C. Denote by Hc the corresponding rational Cherednik algebra
Hk(W).
The irreducible representations of I2(d) are: the trivial representation triv, the sign
representation sgn, and two-dimensional representations τl , where 1  l  m. The rep-
resentations τl are realized on the span of {zl, z¯l}.
In what follows, we denote the product dc by r . We say that r ≡ a (mod d) if r − a is
an integer divisible by d .
Theorem 3.1.1. The structure of Mc(triv) for different values of c is described in Table 1.
The description of the Mc(sgn) follows from Theorem 3.1.1 by symmetry (Re-
mark 2.3.4).
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Values of c Structure of the standard module Character of the irreducible quotient
0 < r ≡ ±l (mod d),
where 1 l m
Mc(triv) has a submodule isomorphic to
Lc(τl). The quotient is irreducible of
dimension r2.
t1−r det |τl (1 − gt
r )
det |h(1 − gt)
0 < c = n+ 12 ,
where n ∈ Z
Mc(triv) has a submodule isomorphic to
Mc(sgn). The quotient is irreducible
and infinite dimensional.
t1−r 1 − sgn(g)t
2r
det |h(1 − gt)
Other values of c Mc(triv) is irreducible. t1−r
1
det |h(1 − gt)
Table 2
Values of c Structure of the standard module Character of the irreducible quotient
0 < r ≡ ±l (mod d) Mc(τl) has a submodule isomorphic to
Mc(sgn). The quotient is irreducible
and infinite dimensional.
t
χτl (g)− tr
det |h(1 − gt)
sgn(g)
0 > r ≡ ±l (mod d) Mc(τl) has a submodule isomorphic to
Mc(triv). The quotient is irreducible
and infinite dimensional.
t
χτl (g)− t−r
det |h(1 − gt)
Other values of c Mc(τl) is irreducible. t
χτj (g)
det |h(1 − gt)
Theorem 3.1.2. Fix 1 l m. The structure of Mc(τl) for different values of c is described
in Table 2.
Remark 3.1.3. All the standard modules over Hc are of length either 1 or 2.
3.2. The case d = 2m
There are two conjugacy classes of reflections: {s2i}1im and {s2i−1}1im. Hence a
W -invariant function k :S → C is a pair (k1, k2), where k1 = k(s2i+1) and k2 = k(s2i ). Let
Hk1,k2 denote the corresponding rational Cherednik algebra Hk(W).
The group I2(d) has four irreducible one-dimensional representations: triv, sgn, ε1,
ε2 = ε1 ⊗ sgn, and (m− 1) two-dimensional representations τl , 1 l < m. The represen-
tation ε1 is defined by
ε1(s2i+1)= 1, ε1(s2i ) = −1,
and τl’s are realized on span{zl, z¯l}.
Remark 3.2.1. Note that sgn ⊗ τl = τl and εi ⊗ τl = τm−l for i = 1,2.
Remark 3.2.2. An automorphism σ : I2(2m) → I2(2m) interchanging s1 and s2 induces an
isomorphism Hk1,k2
∼−→Hk2,k1 . Hence the categories O for these two algebras are equiva-
lent.
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(k1, k2) with respect to certain exceptional lines on the complex plane of parameters
(k1, k2). We distinguish the four families E+r , E−r , L1i , L2i of parallel exceptional lines:
• for every integer r , nondivisible by m, let
E+r :=
{
(k1, k2): k1 + k2 = r/m
}
, E−r :=
{
(k1, k2): k1 − k2 = r/m
};
• for every integer i, let
L1i :=
{
(k1, k2): k1 = i + 1/2
}
, L2i :=
{
(k1, k2): k2 = i + 1/2
}
.
By symmetry reasons, in order to describe the standard modules induced from one-
dimensional representations, it is enough to describe Mk1,k2(triv).
Theorem 3.2.3. Depending on the location of the point (k1, k2), there are following seven
cases for the standard module Mk1,k2(triv).
(i) (k1, k2) ∈E+r for some r > 0, and (k1, k2) /∈ L1i ,L2i for all i > 0.
In this case determine an integer l in the range 1  l < m from the congruence
r ≡ ±l (mod 2m). Then Mk1,k2(triv) contains a submodule isomorphic to Lk1,k2(τl).
The quotient is irreducible and has the character
χLk1,k2 (triv)(g, t) = t1−r
det |τl (1 − gtr )
det |h(1 − gt) .
In particular, its dimension is r2.
(ii) (k1, k2) ∈ L1i for some i > 0, and (k1, k2) /∈ E+r ,L2i′ for all r, i′ > 0.
In this case the module Mk1,k2(triv) contains a submodule isomorphic to Lk1,k2(ε2) 

Mk1,k2(ε2). The quotient is irreducible and infinite dimensional. The character is
given by the formula
χLk1,k2 (triv)(g, t) = t1−m(k1+k2)
1 − t2mk1χε2(g)
det |h(1 − gt) .
(iii) (k1, k2) ∈ L2i′ for i′ > 0, and (k1, k2) /∈ E+r ,L1i for all r, i > 0.
In this case the module Mk1,k2(triv) contains a submodule isomorphic to Lk1,k2(ε1) 

Mk1,k2(ε1). The quotient is irreducible and infinite dimensional. The character is
given by the formula
χLk1,k2 (triv)(g, t) = t1−m(k1+k2)
1 − t2mk2χε1(g)
det |h(1 − gt) .
(iv) (k1, k2) ∈E+r ∩L1i (respectively (k1, k2) ∈ E+r ∩L2i′ ) for some r, i, i′ > 0, and k1 < k2(respectively k2 < k1).
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We have the following inclusions of the submodules
Mk1,k2(triv) ⊃ Mk1,k2(ε2) ⊃ Lk1,k2(τl)(
respectively Mk1,k2(triv) ⊃ Mk1,k2(ε1) ⊃ Lk1,k2(τl)
)
.
The quotient Mk1,k2(ε2)/Lk1,k2(τl) (respectively Mk1,k2(ε1)/Lk1,k2(τl)), is irreduci-
ble.The quotient Qk1,k2 = Mk1,k2(triv)/Mk1,k2(ε2) (respectively Qk1,k2 = Mk1,k2(triv)/
Mk1,k2(ε1)) contains a submodule Pk1,k2 isomorphic to Lk1,k2(ε1) (respectively
Lk1,k2(ε2)). However, the double quotient Qk1,k2/Pk1,k2 is irreducible, i.e., isomor-
phic to Lk1,k2(triv).
In both cases the character of Lk1,k2(triv) is given by the formula
χLk1,k2 (triv)(g, t) = t1−r
1 + t2rsgn(g)− t2mk1ε2(g)− t2mk2ε1(g)
det |h(1 − gt) .
In particular, its dimension is equal to 4m2k1k2.
(v) (k1, k2) ∈E+r ∩L1i (respectively (k1, k2) ∈ E+r ∩L2i′ ) for some r, i, i′ > 0, and k1 > k2(respectively k2 > k1).
Again, let l be an integer, satisfying the conditions r ≡ ±l (mod 2m) and 1 l < m.
Then Mk1,k2(triv) contains a submodule isomorphic to Lk1,k2(ε2) (respectively
Lk1,k2(ε1)). The quotient Qk1,k2 = Mk1,k2(triv)/Lk1,k2(ε2) (respectively Qk1,k2 =
Mk1,k2(triv)/Lk1,k2(ε1)) contains a submodule Pk1,k2 isomorphic to Lk1,k2(τl). The
quotient Qk1,k2/Pk1,k2 is irreducible and has the character
χLk1,k2 (triv)(g, t) = t1−r
det |τl (1 − gtr )
det |h(1 − gt) .
In particular, its dimension is r2.
(vi) (k1, k2) ∈ L1i ∩L2i′ for some i, i′ > 0.
In this case the module Mk1,k2(triv) contains a submodule isomorphic to Lk1,k2(sgn)

Mk1,k2(sgn). The quotient Qk1,k2 = Mk1,k2(triv)/Lk1,k2(sgn) contains two submod-
ules P 1k1,k2 
 Lk1,k2(ε1) and P 2k1,k2 
 Lk1,k2(ε2), such that P 1k1,k2 ∩ P 2k1,k2 = 0. The
quotient Qk1,k2/(P 1k1,k2 ⊕ P 2k1,k2) is irreducible, i.e., isomorphic to Lk1,k2(triv) with
the character
χLk1,k2 (triv)(g, t) = t1−r
1 + t2rsgn(g)− t2mk1ε2(g)− t2mk2ε1(g)
det |h(1 − gt) .
In particular, it has dimension 4m2k1k2.
(vii) For all other values of (k1, k2).
The module Mk1,k2(triv) is irreducible and has the character
χLk1,k2 (triv)(g, t) = t1−r
1
.
det |h(1 − gt)
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tions τl of the group W = I2(d) is described by the following theorem.
Theorem 3.2.4. Fix 1  l < m and consider the two-dimensional representation τl of
I2(d). Then, depending on the location of the point (k1, k2), there are following four cases
for the standard module Mk1,k2(τl).
(i) (k1, k2) ∈ E+r for some r ≡ ±l (mod 2m), and (k1, k2) /∈ E−r ′ for all r ′ ≡ m ±
l (mod 2m).
The module Mk1,k2(τl) contains a submodule Ik1,k2 generated by one vector of de-
gree |r|.
If r > 0, then Ik1,k2 
 Mk1,k2(sgn). If r < 0, then Ik1,k2 
 Mk1,k2(triv).
The quotient Mk1,k2(τl)/Ik1,k2 is irreducible and infinite dimensional. If r > 0, its
character is equal to
χLk1,k2 (τl )
(g, t) = t χτl (g)− t
r
det |h(1 − gt)sgn(g).
For r < 0, the character can be easily obtained using symmetry arguments.
(ii) (k1, k2) /∈ E+r for all r ≡ ±l (mod 2m), but (k1, k2) ∈ E−r ′ for some r ′ ≡ m ±
l (mod 2m).
The module Mk1,k2(τl) contains a submodule I˜k1,k2 generated by one vector of de-
gree |r ′|.
If r ′ > 0, then I˜k1,k2 
 Mk1,k2(ε2). If r ′ < 0, then I˜k1,k2 
 Mk1,k2(ε1).
The quotient Mk1,k2(τl)/I˜k1,k2 is irreducible and infinite dimensional. If r ′ > 0, its
character is equal to
χLk1,k2 (τl )
(g, t) = t χτl (g)− t
r ′
det |h(1 − gt)ε2(g).
For r ′ < 0, the character can be easily obtained using symmetry arguments.
(iii) (k1, k2) ∈E+r ∩E−r ′ , for some r ≡ ±l (mod 2m) and r ′ ≡ m± l (mod 2m).
The module Mk1,k2(τl) contains two submodules: Ik1,k2 and I˜k1,k2 .
If min{|k1|, |k2|} ∈ Z + 1/2, then one of these submodules contains another one; oth-
erwise they intersect by 0. The quotient of Mk1,k2(τl) by those two submodules is
irreducible and infinite dimensional in both cases. If k1 > k2 > 0, then the charac-
ter is
χLk1,k2 (τl )
(g, t) = t χτl (g)− t
r
det |h(1 − gt)ε2(g)
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χLk1,k2 (τl )
(g, t) = t χτl (g)− t
rsgn(g)− t r ′ε2(g)
det |h(1 − gt)
in the second case.
For other combinations of signs of r and r ′, the characters can be easily obtained
using symmetry arguments (cf. Remarks 2.3.4 and 3.2.2).
(iv) For all other values of (k1, k2)
the module Mk1,k2(τl) is irreducible and has the character
χLk1,k2 (τl )
(g, t) = t τl(g)
det |h(1 − gt) .
4. Examples
In order to illustrate Theorems 3.2.3 and 3.2.4, let us look at W = I2(8). Theorem 3.2.3
gives us Fig. 1 for Mk1,k2(triv) in (k1, k2)-plane.
For all the points outside the indicated lines, Mk1,k2(triv) is irreducible.
Using this information and the symmetry arguments, one can find all the values of
(k1, k2), for which there exist finite-dimensional representation of Hk1,k2 , see Fig. 2.
Table 3 lists the finite-dimensional irreducible representations for k1, k2 > 0.
Remark 4.0.5. If (k1, k2) lies on one of the exceptional lines, the category O is not semi-
simple.
Applying the Theorem 3.2.4 to Mk1,k2(τ1), we will get Fig. 3.
As before, for all the points outside the indicated lines, Mk1,k2(τ1) is irreducible.
Fig. 1. Notations: solid lines: Mk1,k2 (triv) ⊃ Lk1,k2 (τi ) for some i, the quotient is finite dimensional; dashed
lines: Mk1,k2 (triv) ⊃ Mk1,k2 (ε1), quotient is generically infinite dimensional; dotted lines: Mk1,k2 (triv) ⊃
Mk1,k2 (ε2), quotient is generically infinite dimensional; : Mk1,k2 (triv) contains Mk1,k2 (ε1) and Mk1,k2 (ε2),
quotient is finite dimensional.
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Table 3
Values of parameters Finite-dimensional irreducible
modules
Dimension
(k1, k2) is generic point on E+r Lk1,k2 (triv) r2
r ′ > 0 Lk1,k2 (ε1)(k1, k2) is generic point on E−r ′ r
′2
r ′ < 0 Lk1,k2 (ε2)
r ′ > 0 Lk1,k2 (triv), Lk1,k1 (ε1)(k1, k2) ∈ E+r ∩E−r ′ , denoted by  on
the picture above r
2 − r ′2, r ′2
r ′ < 0 Lk1,k2 (triv), Lk1,k1 (ε2)
r ′ > 0 Lk1,k2 (triv), Lk1,k1 (ε1)All the other (k1, k2) ∈ E+r ∩E−r ′ r2, r ′2r ′ < 0 Lk1,k2 (triv), Lk1,k1 (ε2)
Isolated points on the picture above Lk1,k2 (triv) 64k1k2
5. Preparations for the proofs
In this section we collect known results, which we need for the proofs.
5.1. The Knizhnik–Zamolodchikov functor
We will briefly recall the construction of the KZ-functor which maps certain modules
over the Cherednik algebra to modules over the Artin braid group. A more detailed discus-
sion on this subject can be found in [BEG1,GGOR,BMR].
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 Mk1,k2 (sgn); dashed lines: Mk1,k2 (τ1) ⊃ Ik1,k2
and Ik1,k2 
 Mk1,k2 (triv); dashed–dotted lines: Mk1,k2 (τ1) ⊃ I˜k1,k2 and I˜k1,k2 
 Mk1,k2 (ε2); dotted lines:
Mk1,k2 (τ1)⊃ I˜k1,k2 and I˜k1,k2 
 Mk1,k2 (ε1); : Ik1,k2 ∩ I˜k1,k2 = 0; : Ik1,k2 ⊂ I˜k1,k2 ; : Ik1,k2 ⊃ I˜k1,k2 .
5.1.1. Hecke algebras and the Knizhnik–Zamolodchikov functor
Let us first recall the definition of Hecke algebras associated to a reflection group W .
Let hreg = h\⋃s∈S Hs . The W -action on h preserves hreg. Fix x0 ∈ hreg.
Definition 5.1.1. The Artin braid group associated to W is BW = π1(hreg/W,x0).
One can describe BW using generators and relations as follows (see [Br]). Fix a cham-
ber C in h, and let Σ be the set of reflections with respect to the walls of this chamber.
The generators Ts are numbered by element s ∈ Σ . An element Ts corresponds to the
monodromy around the wall of C, fixed by s. The relations are
TsTtTs · · ·︸ ︷︷ ︸
m(s,t) factors
= TtTsTt · · ·︸ ︷︷ ︸
m(s,t) factors
for all s, t ∈ S,
where m(s, t) is the order of the element st .
Let {qs}s∈Σ be the set of parameters such that qs = qt if s and t are conjugated to each
other.
Definition 5.1.2. The Hecke algebra H({qs}) of a reflection group W with parameters qs
is the quotient of the group algebra of the Artin braid group BW by the relations
(Ts − 1)(Ts + qs) = 0.
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finitely generated over C[h], define its localization Mloc by
Mloc = M ⊗C[h] C[hreg].
This module has a natural action of Hk loc.
The polynomial representation (see Section 2.2) gives an injective homomorphism
Hk ↪→ W  D(hreg), which extends to an isomorphism Hk loc ∼−→W  D(hreg). Hence
the module Mloc has a structure of W D(hreg)-module, and therefore, a structure of W -
equivariant D-module on hreg.
Since M is finitely generated over C[h], the module Mloc is a vector bundle over hreg.
This vector bundle is equipped with a connection ∇ , coming from the D-module structure.
The horizontal sections of this connection define a monodromy representation
ρM :π1(hreg/W,x0)→ GL
(
C
N
)
,
where N is the rank of Mloc.
Definition 5.1.3. A functor KZ :M → ρM is called the Knizhnik–Zamolodchikov functor:
KZ :
(
Hk(W)-modules finitely generated
over C[h]
)
→
(
Finite-dimensional
BW -modules
)
.
In case of dihedral groups the images of the standard modules under the action of KZ-
functor were studied in details by C. Dunkl in [Du1,Du2].
5.1.2. Properties of the KZ-functor
Let M be an Hk-module. If qs = e−2πik(s) for all s, then the action of BW on KZ(M)
factors through the action of H({qs}). If M is the standard module corresponding to a
representation V of the group W , the obtained representation of H({qs}) is the one corre-
sponding to V via Tits’ Deformation Theorem.
The following facts about the KZ-functor are important for us.
Proposition 5.1.4. [GGOR] The functor KZ is exact.
Theorem 5.1.5. [GGOR, Theorem 5.13] The functor KZ :O→ BW -mod factors through a
functor KZ :O/Otor →H({qs})-mod, where Otor is the category of modules supported on
the union of reflection hyperplanes.
Theorem 5.1.6. [BEG1, Lemma 2.10] Let N be an Hk-module, which is torsion free over
C[h]. Then for any M ∈O the canonical map
HomHk(M,N) → HomH
(
KZ(M),KZ(N)
)
is injective.
554 T. Chmutova / Journal of Algebra 297 (2006) 542–5655.2. Singular vectors in the polynomial representation
Let M be a module from the category O. Denote by U the space of singular vectors
in M . This space is nonzero, since the action of y’s decreases the eigenvalues of h by 1,
and the spectrum of h is bounded from below. It follows from the defining relations of
Cherednik algebra that U is preserved under the W -action.
Proposition 5.2.1. A module M ∈O is irreducible if and only if U generates M and is an
irreducible representation of W .
Hence, in order to describe the structure of standard modules, it is important to study U .
Denote by U ′ ⊂ U the space of all singular vectors of positive degree. For the polyno-
mial representation, this space was studied by C. Dunkl, E. Opdam and M.F.E. de Jeu.
Theorem 5.2.2. (see [DJO]) Consider the Cherednik algebra Hc(I2(d)), where d =
2m+ 1.
(1) Let c = n ± l/d > 0, where n and l are integers and 1  l  m. Then U ′ ⊂ Mc(triv)
consists of vectors of degree cd and is isomorphic to τl as a representation of W .
(2) Let c = n+1/2 > 0. Then U ′ ⊂ Mc(triv) is isomorphic to the sign representation of W ,
and is spanned by the singular vector of degree 2cd .
(3) For all other values of c, there are no singular vectors of positive degree in Mc(triv).
Theorem 5.2.3. (see [DJO]) Consider the Cherednik algebra Hk1,k2(I2(2m)). The space
U ′ is nonzero only in the following cases.
(1) If (k1, k2) ∈ E+r for some 0 < r ≡ ±l (mod 2m) where 1  l < m, then U ′ ⊂
Mk1,k2(triv) contains a W -subrepresentation isomorphic to τl and consisting of vec-
tors of degree r .
(2) If (k1, k2) ∈ L1i for some i  0, then U ′ ⊂ Mk1,k2(triv) contains a W -subrepresentation,
isomorphic to ε2 and spanned by the singular vector (zm − z¯m)2i+1.
(3) If (k1, k2) ∈ L2i′ for some i′  0, then U ′ ⊂ Mk1,k2(triv) contains a W -subrepresentation
isomorphic to ε1 and spanned by the singular vector (zm + z¯m)2i+1.
(4) If (k1, k2) ∈ L1i ∩ L2i′ for some i, i′  0, then U ′ ⊂ Mk1,k2(triv) is isomorphic to ε1 ⊕
ε2 ⊕ sgn as a W -representation. It is spanned by singular vectors (zm + z¯m)2i+1,
(zm − z¯m)2i+1, and (zm − z¯m)2i+1(zm + z¯m)2i′+1.
Note that if (k1, k2) belongs to the intersection of E+r with some of the lines L1i (respec-
tively L2i ), then U ′ is the direct sum of two irreducible representations of W , which are
described in the cases (1) and (2) (respectively (3)). The intersection of lines L1i and L2i′ is
described separately in the case (4), because an additional singular vector appears.
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Mc(triv) Mc(sgn) Mc(τl)
1 − dc 1 + dc 1
Table 5
Mk1,k2 (triv) Mk1,k2 (ε1) Mk1,k2 (sgn) Mk1,k2 (ε2) Mk1,k2 (τl )
1 −R 1 −R′ 1 +R 1 +R′ 1
There R =m(k1 + k2) and R′ = m(k1 − k2).
5.3. The lowest h-weights of standard modules
Let V ⊂ U ⊂ M be an irreducible W -subrepresentation, consisting of singular vectors.
Then V is contained in the generalized eigenspace of h with eigenvalue h0(V ). Indeed, the
submodule generated by V is an Hk(W)-module of lowest weight V . Hence, the smallest
eigenvalue of h on this module is h0(V ), and it is achieved on the generating vectors, i.e.,
on V .
The knowledge of the spectrum of h will help us to understand U as a representation
of W .
Proposition 5.3.1.
(1) Let d = 2m+ 1. The lowest weights of standard Hc-modules are given in Table 4.
(2) Let d = 2m. The lowest weights of standard Hk1,k2 -modules are given in Table 5.
Proof. The proposition follows from the formula for h0(V ) (see Section 2.3). 
5.4. Some irreducible finite-dimensional representations
Proposition 5.4.1. [CE, Theorem 2.3] Let W be a real reflection group, and V ⊂ Mk =
Mk(triv) be a W -subrepresentation of dimension d = dim(h) sitting in degree r and con-
sisting of singular vectors. Let Ik be the ideal generated by V . Assume that the quotient
representation Qk = Mk/Ik is finite dimensional. Then the representation Qk is irre-
ducible. Its character is given by the formula
χQk(g, t) = th0(triv)
det
∣∣
V
(1 − gtr )
det |h∗(1 − gt) .
In particular, the dimension of Qk is rd .
6. Proofs
Remark 6.0.2. Throughout the classification the character formulas follow easily from the
structure of standard modules.
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Proof of Theorem 3.1.2. Let us describe the W -action on the set U ′ ⊂ Mc(τl) consisting
of singular vectors of positive degree.
Claim 1. There are no two-dimensional irreducible subrepresentations in U ′.
By Proposition 5.3.1, h acts by 1 on all irreducible two-dimensional representations of
W consisting of singular vectors. However, the space on which h acts by 1, is exactly the
space of vectors of degree 0, which does not intersect U ′.
Claim 2. For c = n± l/d there are no one-dimensional representations in U ′.
By symmetry reasons (see Remark 2.3.4), it is enough to prove that U ′ does not contain
the sign representation.
Suppose that c < 0. Then by Proposition 5.3.1 the lowest weight of Mc(sgn) is smaller
than the lowest weight of Mc(τl) and hence U ′ does not contain sgn.
In what follows we assume that c > 0.
Suppose U ′ contains a W -representation isomorphic to sgn. The Hc-submodule Ic gen-
erated by this representation is a torsion-free quotient of Mc(sgn). Since Mc(sgn) is a free
C[h]-module of rank 1 any nontrivial quotient of it has torsion. Since Mc(τl) is torsion-free
Ic is isomorphic to Mc(sgn) and
HomHc
(
Mc(sgn),Mc(τl)
) = 0.
Both Mc(sgn) and Mc(τl) are free over C[h]. By Theorem 5.1.6,
dim HomHk
(
Mc(sgn),Mc(τl)
)
 dim HomH
(
KZ
(
Mc(sgn)
)
,KZ
(
Mc(τl)
))
, (2)
and hence,
HomH
(
KZ
(
Mc(sgn)
)
,KZ
(
Mc(τl)
)) = 0. (3)
Let us compute the dimension of HomH-mod(KZ(Mc(sgn)),KZ(Mc(τl))).
Recall that in case of W = I2(d) the Hecke algebra H(q) is generated by two elements
T1 and T2 with relations
(Tj − 1)(Tj + q) = 0, T1T2 · · ·T1︸ ︷︷ ︸
d factors
= T2T1 · · ·T2︸ ︷︷ ︸
d factors
.
In order for Theorems 5.1.5 and 5.1.6 to hold, we need q = e−2πic .
Representation KZ(Mc(τl)) of H(q) corresponds to τl via Tits’ Deformation Theorem.
If 0 < c = n± l/d , this representation is given explicitly by:
T1 →
(
1 0
c −q
)
, T2 →
(−q c′l
0 1
)
,l
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generators is different). Using the notations of [Du2, Theorem 4.6], these are the formulas
for −e2παM(γ1;α) and −e2παM(γ2;α) in the basis {f I +Af II;f I}, where
A = 2πq
1/2
(l/m− α)(1 − l/m+ α)(q + 1) .
Representation KZ(Mc(sgn)) is given explicitly by T1 → −q and T2 → −q .
Hence, dim[HomH(KZ(Mc(sgn)),KZ(Mc(τl)))] = 0 for 0 < c = n ± l/d . This contra-
dicts to (3), and hence U ′ does not contain subrepresentations isomorphic to sgn. Claim 2
is proved.
From Claims 1 and 2 it follows that U ′ = 0 for r ≡ ±l (mod d). Thus, U is the space
of all vectors of degree 0 in Mc(τl). It is isomorphic to τl as a representation of W , and
generates Mc(τl). By Proposition 5.2.1, Mc(τl) is irreducible for these values of c. Hence,
the last row of Table 2 is proved.
Claim 3. If 0 < c = n ± l/d for some n ∈ Z, then U ′ 
 sgn as a W -representation. The
Hc(W)-submodule I , generated by U ′, and the quotient Mc(τl)/I are both irreducible.
By Claim 1, U ′ does not contain any irreducible two-dimensional representations of W .
By Proposition 5.3.1, for c > 0 it does not contain the trivial representation either. Hence,
U ′ is either 0 or several copies of sgn.
On the one hand, the multiplicity of sgn in U ′ is at most 1 (specialize to one parameter
results of [Du1, p. 82] and use inequality (2)). On the other hand, according to Theo-
rem 5.2.2, there is a singular copy of τl in Mc(triv). An Hc-submodule J , generated by this
copy, is not isomorphic to Mc(τl), since Mc(triv) is free of rank 1 over C[h] meanwhile
Mc(τl) is free of rank 2. Hence Mc(τl) is reducible and U ′ = 0. This proves that U ′ 
 sgn.
The submodule I generated by U ′ is isomorphic to Mc(sgn). By Theorem 5.2.1 it is
irreducible.
From Proposition 5.3.1 it follows that all the singular vectors in Mc(τl)/I are images of
singular vectors in Mc(τl). From this fact and Proposition 5.2.1 it follows, that Mc(τl)/I
is irreducible. This completes the proof of Claim 3 and of the first row in Table 2.
The second row in Table 2 follows via symmetry arguments. 
Proof of Theorem 3.1.1. Recall that we denote cd by r .
Claim 1. If 0 < r ≡ ±l (mod d), then Mc(triv) contains a submodule isomorphic to Lc(τl),
the quotient by which is irreducible.
By Theorem 5.2.2, U ′ ⊂ Mc(triv) is isomorphic to τl as a representation of W , and
consists of vectors of degree r . Denote by Ic an Hc-submodule of Mc(triv) generated by U ′.
By definition, Ic is a module with lowest weight τl . By Theorem 3.1.2, there are only two
such modules: Mc(τl) and Lc(τl) 
 Mc(τl)/Mc(sgn). Since there are no singular vectors
of type sgn in Ic (see Theorem 5.2.2), Ic 
 Lc(τl).
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Mc(triv) and Lc(τl) coincide. Hence, the quotient Mc(triv)/Lc(τl) is finite dimensional.
The claim follows from Proposition 5.4.1.
Claim 2. If 0 < c = n + 1/2, then Mc(triv) contains a submodule isomorphic to Lc(sgn),
the quotient by which is irreducible.
By Theorem 5.2.2, U ′ ⊂ Mc(triv) is isomorphic to sgn as a W -representation, and is
spanned by a vector of degree d(2n + 1). Denote by Ic the Hc-submodule of Mc(triv)
generated by U ′. By definition this submodule is a quotient of Mc(sgn). By the lowest
weights reasons (Proposition 5.3.1) Mc(sgn) is irreducible for all positive values of c.
Hence Ic is isomorphic to Mc(sgn)∼= Lc(sgn).
By the lowest weights reasons (Proposition 5.3.1) there are no singular vectors of pos-
itive degree in Qc = Mc(triv)/Mc(sgn). Hence Qc is irreducible. Comparing the dimen-
sions of h-eigenspaces in Mc(triv) and Mc(sgn) one shows that Qc is infinite dimensional.
Claim 3. Mc(triv) is irreducible for all other values of c.
By Theorem 5.2.2, there are no singular vectors in Mc(triv) for all other values of c.
Hence, this module is irreducible. 
6.2. Case of d = 2m
Proof of Theorem 3.2.4. The proof is analogous to that of Theorem 3.1.2. We will de-
scribe the action of W on the set U ′ ⊂ Mk1,k2(τl) of singular vectors of positive degree.
Claim 1. There are no two-dimensional irreducible subrepresentations in U ′.
See proof of Claim 1 of Theorem 3.1.2.
Claim 2. If (k1, k2) /∈ E+r for all r ≡ ±l (mod 2m) and (k1, k2) /∈ E−r ′ for all r ′ ≡ m ±
l (mod 2m), then U ′ does not contain any one-dimensional subrepresentations of W .
Claim to reduces to the following fact.
Claim 2′. If (k1, k2) /∈ E+r for all r ≡ ±l (mod 2m), then U ′ does not contain any W -sub-
representations isomorphic to sgn.
Indeed, by symmetry reasons (Remark 2.3.4):
– If Mk1,k2(τl) contains a singular copy of the trivial representation of W , then
M−k1,−k2(τl) contains a singular copy of sgn.
– If Mk1,k2(τl) contains a singular copy of ε1, then M−k1,k2(τm−l) contains a singular
copy of sgn.
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copy of sgn.
Suppose U ′ contains a W -representation isomorphic to sgn. By the same argument as in
the proof of Claim 2 for Theorem 3.1.2 this representation generates an Hk1,k2 -submodule
of Mk1,k2(τl), which is isomorphic to Mk1,k2(sgn). Therefore
HomHk1,k2
(
Mk1,k2(sgn),Mk1,k2(τl)
) = 0.
Both Mk1,k2(sgn) and Mk1,k2(τl) are free over C[h]. By Theorem 5.1.6,
dim HomHk
(
Mk1,k2(sgn),Mk1,k2(τl)
)
 dim HomH
(
KZ
(
Mk1,k2(sgn)
)
,KZ
(
Mk1,k2(τl)
))
, (4)
and hence,
HomH-mod
(
KZ
(
Mk1,k2(sgn)
)
,KZ
(
Mk1,k2(τl)
)) = 0. (5)
Let us compute the dimension of HomH-mod(KZ(Mk1,k2(sgn)),KZ(Mk1,k2(τl))).
Recall that in case of W = I2(2m) the Hecke algebra H(q1, q2) is spanned by two
elements T1 and T2 with relations
(Tj − 1)(Tj + qj ) = 0, T1T2 · · ·T2︸ ︷︷ ︸
2m multiples
= T2T1 · · ·T1︸ ︷︷ ︸
2m multiples
,
In order for Theorems 5.1.5 and 5.1.6 to hold, we need qj = e−2πikj .
The representation KZ(Mk1,k2(τl)) ofH(q1, q2) corresponds to τl via Tits’ Deformation
Theorem. For (k1, k2) /∈ E+r for all 0 < r ≡ ±l (mod 2m), this representation is given
explicitly by:
T1 →
(
1 0
cl −q1
)
, T2 →
(−q2 c′l
0 1
)
,
where clc′l = q1 + q2 +
√
q1q2 (ωl + ω−l) and √q1q2 is fixed to be e−πi(k1+k2) (see [GP,
p. 268]; note that in our the signs of the generators are different). Using the notations of
[Du1], these are formulas for −e2πiαM(γ0) and −e2πiβM(γ1) in the basis {f (3), f (1)}.
The representation KZ(Mc(sgn)) is given explicitly by T1 → −q1 and T2 → −q2.
Hence, dim HomH(KZ(Mk1,k2(sgn)),KZ(Mk1,k2(τl)) = 0, if (k1, k2) /∈ E+r for all 0 <
r ≡ ±l (mod 2m). This contradicts to (5), and hence U ′ does not contain subrepresenta-
tions isomorphic to sgn. Claim 2 is proved.
From Claims 1 and 2 it follows that U ′ = 0, when (k1, k2) /∈ E+r and (k1, k2) /∈ E−r ′
for all r ≡ ±l (mod 2m) and all r ′ ≡ m± l (mod 2m). By Proposition 5.2.1, Mk1,k2(τl) is
irreducible for these values of (k1, k2). This proves part (iv) of the theorem.
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m± l (mod 2m), then U ′ 
 sgn as a representation of W . The Hk1,k2(W)-submodule Ik1,k2 ,
spanned by U ′, and the quotient Mk1,k2(τl)/Ik1,k2 are both irreducible.
Let us prove that U ′ is a direct sum of representations, isomorphic to sgn. By Claim 1,
U ′ does not contain any two-dimensional irreducible representations of W . By Propo-
sition 5.3.1, for r > 0 it does not contain the trivial representation either. Suppose that
Mk1,k2(τl) contains a singular copy of ε1. Then by symmetry reasons M−k1,k2(τm−l)
contains a singular copy of sgn, which contradicts to Claim 2′. By the same argument
Mk1,k2(τl) does not contain a singular copy of ε2. Hence U ′ is either 0 or several copies
of sgn.
Let us prove that the multiplicity of sgn is exactly 1. On the one hand, the multiplicity of
sgn in U ′ is at most 1 (see inequality (4) and [Du1, p. 82]). On the other hand, according to
Theorem 5.2.3, there is a singular copy of τl in Mk1,k2(triv). An Hk1,k2 -submodule J , gen-
erated by this copy, is not isomorphic to Mk1,k2(τl), since Mk1,k2(triv) is free of rank 1 over
C[h] meanwhile Mk1,k2(τl) is free of rank 2. Hence, Mk1,k2(τl) is reducible and U ′ = 0.
This proves that U ′ 
 sgn.
The submodule Ik1,k2 , generated by U ′, is isomorphic to Mk1,k2(sgn). By Proposi-
tion 5.2.1, it is irreducible.
Denote by Qk1,k2 the quotient Mk1,k2(τl)/Ik1,k2 . We have already proved that all the
singular vectors of positive degree in Qk1,k2 are secondary, i.e., singular only “modulo
Ik1,k2 .” By Proposition 5.3.1, there are two possibilities for secondary singular vectors:
• if (k1, k2) ∈E−r ′ for some r ′ > 0 and k2 is negative, then Qk1,k2 might contain a singu-
lar vector of type ε2;
• if (k1, k2) ∈E−r ′ for some r ′ < 0 and k1 is negative, then Qk1,k2 might contain a singu-
lar vector of type ε1.
Suppose Qk1,k2 contains a singular vector of type ε2. By Proposition 5.3.1 the Hk1,k2 -
submodule Pk1,k2 , generated by this copy is isomorphic to Lk1,k2(ε2)
 Mk1,k2(ε2). Denote
by N the preimage of Pk1,k2 in Mk1,k2(τl). Since Pk1,k2 is generated by secondary vector,
the following exact sequence does not split.
0 →Mk1,k2(sgn) → N → Mk1,k2(ε2) → 0.
Apply KZ-functor to this sequence. The representation KZ(Mk1,k2(sgn)) is given by
Tj → −qj . The representation KZ(Mk1,k2)(ε2) is given by T1 → 1 and T2 → −q2. To find
KZ(N) consider the following exact sequence
0 → N →Mk1,k2(τl) → J → 0.
The cokernel J is supported on h\hreg, and hence KZ(J ) = 0. Applying KZ-functor to
the sequence above, we will get that KZ(N) 
 KZ(Mk ,k (τl)), since the functor is exact.1 2
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T1 →
(
1 0
cl −q1
)
, T2 →
(−q2 c′l
0 1
)
.
On the one hand, the module KZ(N) is an extension of KZ(Mk1,k2(ε2)) by
KZ(Mk1,k2(sgn)) since KZ-functor is exact. On the other hand, in every such extension
Tr(T2) = −2q2 meanwhile the trace of T2 in KZ(N) is 1 − q2, which is not equal to
−2q2 if q2 /∈ Z + 1/2. From the conditions of the claim it follows that q2 is not a half
integer. Hence there are no singular vectors of type ε2 in Qk1,k2 and Qk1,k2 is irreducible.
The case of singular vector of type ε1 is proved analogously. Claim 3 is proved.
This and the symmetry argument prove parts (i) and (ii) of the Theorem 3.2.4.
Claim 4. Let k1  k2 > 0 be such that (k1, k2) ∈ E+r ∩ E−r ′ for some r ≡ ±l (mod 2m)
and some r ′ ≡ m± l (mod 2m). Then Mk1,k2(τl) contains a submodule Ik1,k2 , isomorphic
to Mk1,k2(sgn), and a submodule I˜k1,k2 , isomorphic to Mk1,k2(ε2). If k2 ∈ Z + 1/2, then
I˜k1,k2 ⊃ Ik1,k2 , otherwise I˜k1,k2 ∩ Ik1,k2 = 0.
By symmetry reasons and Claim 3, Mk1,k2(τl) contains a submodule Ik1,k2 , isomor-
phic to Mk1,k2(sgn), when (k1, k2) is a generic point of E+r , and it contains a submodule
I˜k1,k2 , isomorphic to Mk1,k2(ε2), when (k1, k2) is a generic point of E
−
r ′ . By continuity for
(k1, k2) ∈E+r ∩E−r ′ , the standard module Mk1,k2(τl) contains both of them.
Suppose Ik1,k2 ∩ I˜k1,k2 = 0. Let f ∈ Ik1,k2 ∩ I˜k1,k2 be a vector of the minimal possible
degree. Then f is a singular vector in both Ik1,k2 and I˜k1,k2 . The only singular vector in
Ik1,k2 is the one which generates this submodule. Indeed, by symmetry arguments, the
structure of Mk1,k2(sgn) is the same as the structure of M−k1,−k2(triv). By Theorem 5.2.3,
the unique singular vector contained in M−k1,−k2(triv) generates the whole module. Hence,
if intersection of Ik1,k2 and I˜k1,k2 is nonzero, then I˜k1,k2 ⊃ Ik1,k2 .
Suppose this intersection is nonzero. Then in Mk1,k2(ε2) there is a singular vector, on
which I2(2m) acts by sgn. By symmetry reasons, this happens only for those (k1, k2), for
which M−k1,k2(triv) contains a submodule isomorphic to M−k1,k2(ε1). By Theorem 5.2.3,
this is the case if k2 = i + 1/2 for some positive integer i. This proves Claim 4.
Claim 5. Let (k1, k2) be as in Claim 4. Then the quotient Qk1,k2 of Mk1,k2(τl) by the
submodule generated by Ik1,k2 and I˜k1,k2 is irreducible.
By Proposition 5.3.1, the only possible singular vectors in Qk1,k2 are of type sgn and
degree r , or of type ε2 and degree r ′.
From inequality (4) and [Du1, p. 84], it follows that the set of singular vectors in
Mk1,k2(τl) contains only one copy of sgn and only one copy of ε2, i.e., is isomorphic
to τl ⊕ ε2 ⊕ sgn as a W -representation. Hence, all the singular vectors in Qk1,k2 , except
the one, which generates this module, are secondary, i.e., singular only “modulo I˜k1,k2 and
Ik ,k .”1 2
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in the ideal generated by I˜k1,k2 and Ik1,k2 is r ′. Hence, a vector of type ε2 cannot be sec-
ondary. Therefore, if Qk1,k2 is reducible, then it contains a singular vector of type sgn. By
Proposition 5.3.1, the Hk1,k2 -submodule Pk1,k2 , generated by this copy, is isomorphic to
Lk1,k2(sgn) 
 Mk1,k2(sgn).
For k2 /∈ Z+1/2 the intersection of I˜k1,k2 and Ik1,k2 is zero. For big enough eigenvalues
of h the corresponding eigenspaces in Qk1,k2 have smaller dimensions than the eigenspaces
in Mk1,k2(sgn). The module Qk1,k2 cannot contain a submodule Pk1,k2 as above and hence
is irreducible.
For k2 ∈ Z + 1/2 we have the following sequence of modules
Mk1,k2(τl) ⊃ Mk1,k2(ε2) ⊃ Mk1,k2(sgn),
and Qk1,k2 = Mk1,k2(τl)/Mk1,k2(ε2). Proof of the irreducibility of Qk1,k2 is analogous to
the proof of the irreducibility of the quotient in Claim 3. Claim 5 is proved.
Part (iii) of the theorem for k1  k2 > 0 follows from Claims 4 and 5. For all the other
values of parameters the proof is analogous. 
Proof of Theorem 3.2.3. (i) By Theorem 5.2.3, the space U ′ ⊂ Mk1,k2(triv) is isomorphic
to τl as a representation of W and sits in degree r . The submodule Ik1,k2 , spanned by U ′,
is isomorphic to Lk1,k2(τl) since it does not contain any singular vectors except the one, by
which it is generated.
From the conditions on (k1, k2) it follows that either
– (k1, k2) ∈ E+r for some r ≡ ±l (mod 2m), and (k1, k2) /∈ E−r ′ for all r ′ ≡ m ±
l (mod 2m) or
– (k1, k2) ∈ E+r ∩E−r ′ , for some r ≡ ±l (mod 2m) and r ′ ≡ m± l (mod 2m), and either|k2| > |k1| ∈ Z + 1/2, k1 < 0 or |k1| > |k2| ∈ Z + 1/2, k2 < 0.
By parts (i) and (iii) of Theorem 3.2.4 Lk1,k2(τl) 
 Mk1,k2(τl)/Mk1,k2(sgn) in both cases.
Applying Theorem 3.2.4(iii) remember that since one of the ki is negative Mk1,k2(τl) ⊃
Mk1,k2(sgn) ⊃ Mk1,k2(εi).
For eigenvalues of h big enough, the dimensions of the corresponding eigenspaces in
Mk1,k2(triv) and Lk1,k2(τl) coincide. Hence, the quotient Mk1,k2(triv)/Lk1,k2(τl) is finite
dimensional. The statement follows from Proposition 5.4.1.
(ii) By Theorem 5.2.3, the space U ′ ⊂ Mk1,k2(triv) is isomorphic to ε2 as a W -
representation. It is easy to see that it generates a submodule isomorphic to Mk1,k2(ε2).
Consider the quotient Qk1,k2 = Mk1,k2(triv)/Mk1,k2(ε2). From the Proposition 5.3.1 it
follows that Qk1,k2 does not contain any singular vectors and hence is irreducible. Com-
paring dimensions of eigenspaces of h in Mk1,k2(ε2) and in Mk1,k2(triv), one can show that
Qk1,k2 is infinite dimensional.
(iii) Analogous to part (ii).
(iv) Consider the case of (k1, k2) ∈ E+r ∩ L1i with k1 < k2. The other case is proved
analogously.
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sentation.
A submodule Ik1,k2 of Mk1,k2(triv), generated by a singular vector of type ε2, is iso-
morphic to Mk1,k2(ε2). By symmetry reasons, Mk1,k2(ε2) has the same structure as
M−k1,k2(triv) and hence, by part (i), it contains a singular copy of τl , which generates a
submodule isomorphic to Lk1,k2(τl). So we have the following picture:
Mk1,k2(triv)⊃ Mk1,k2(ε2)⊃ Lk1,k2(τl).
By symmetry arguments, since M−k1,k2(triv)/L−k1,k2(τm−l) is irreducible, so is the quo-
tient Mk1,k2(ε2)/Lk1,k2(τl).
Consider the quotient Qk1,k2 = Mk1,k2(triv)/Mk1,k2(ε2). Comparing the dimensions of
h-eigenspaces in Mk1,k2(triv) and Mk1,k2(ε2), one gets that Qk1,k2 is infinite dimensional.
Since Qk1,k2 has the lowest weight triv, its irreducible quotient is isomorphic to
Lk1,k2(triv). For all (k1, k2) the module Lk1,k2(triv) is defined as a quotient of Mk1,k2(triv)
by the kernel of Shapovalov form. By part (i), for generic (k1, k2) ∈ E+r the irreducible
quotient has dimension r2 and hence dimLk1,k2(triv) r2.
Hence Qk1,k2 is reducible and contains singular vectors. Note that these vectors are
secondary, i.e., singular only “modulo Mk1,k2(ε2).” By Table 4 of lowest h-weights (Propo-
sition 5.3.1), there exist the following possibilities for singular vectors: vectors of type τl
sitting in degree r , vectors of type ε1 sitting in degree 2mk2 or vectors of type sgn in
degree 2r .
The sequence of the dimensions of h-eigenspaces in Qk1,k2 is
(1,2,3, . . . ,2k1m,2k1m,2k1m, . . .). (6)
Since Lk1,k2(triv) is a finite-dimensional sl2-module, the sequence of dimensions of its h-
eigenspaces is finite and symmetric with respect to the 0-eigenspace. From the table of low-
est h-weights (Proposition 5.3.1) it follows that h acts by 0 on polynomials of degree r−1.
In order to make the sequence (6) symmetric, Qk1,k2 has to contain a unique up to propor-
tionality singular vector, which is of type ε1 and sits in degree 2mk2. This vector generates
a submodule Pk1,k2 of lowest weight ε1. By symmetry reasons and part (ii) of this the-
orem Pk1,k2 is isomorphic either to Mk1,k2(ε1) or to Lk1,k2(ε1) = Mk1,k2(ε1)/Mk1,k2(sgn).
Comparing the dimensions of h-eigenspaces for big eigenvalues in Qk1,k2 and in mod-
ules with lowest weight ε1 we see that Pk1,k2 is isomorphic to Lk1,k2(ε1). From the se-
quence of dimensions of h-eigenspaces in Qk1,k2/Pk1,k2 it follows that this quotient is
irreducible.
(v) Consider the case (k1, k2) ∈ E+r ∩ L1i with k1 > k2. By Theorem 5.2.3, there ex-
ists a singular vector of type ε2 in Mk1,k2(triv). It generates a submodule isomorphic to
Mk1,k2(ε2). This submodule is irreducible since, by symmetry arguments, it has the same
structure as M−k1,k2(triv).
Consider the quotient Qk1,k2 = Mk1,k2(triv)/Mk1,k2(ε2). By Theorem 5.2.3, there is
a singular copy of τl in Qk1,k2 . Denote by Pk1,k2 the submodule generated by this
copy. By definition, this is a module of lowest weight τl . By Theorem 3.2.4, for these
values of parameters there are four such modules: Mk ,k (τl), Mk ,k (τl)/Mk ,k (sgn),1 2 1 2 1 2
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Qk1,k2 and in possible submodules of lowest weight τl one sees that Pk1,k2 should be iso-
morphic to Lk1,k2(τl).
Using the symmetry of the sequence of the dimensions of h-eigenspaces, one can show
that Qk1,k2/Pk1,k2 is irreducible.
(vi) By Theorem 5.2.3, in Mk1,k2(triv) there are singular vectors of types ε1 and ε2.
They generates submodules isomorphic to Mk1,k2(ε1) and Mk1,k2(ε2), respectively. These
two modules intersect each other by a submodule isomorphic to Mk1,k2(sgn) and gen-
erated by a singular vector. By symmetry reasons, the quotients Mk1,k2(ε1)/Mk1,k2(sgn)
and Mk1,k2(ε2)/Mk1,k2(sgn) are irreducible. The quotient of Mk1,k2(triv) by the union of
Mk1,k2(ε1) and Mk1,k2(ε2) is irreducible for the same reasons as in parts (iv) and (v).
(vii) By Theorem 5.2.3, the space U ′ is empty and hence, by Proposition 5.2.1
Mk1,k2(triv) is irreducible. 
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